Shape effects in magnetic particles are widely studied, because of the ability of the shape and the size to control the parameters of a sample during its production. Experiments with nanosized samples show that the shape can affect also the properties of antiferromagnetic (AFM) materials. However, the theoretical interpretation of these effects is under discussion. A model to study the shape-induced effects in AFM particles at the AFM resonance frequency is proposed. The Lagrange function method is used to calculate the spectrum of resonance oscillations of the AFM vector in a synthetic multiferroic (piezoelectric + antiferromagnet). The influence of the specimen shape on the AFM resonance frequency in the presence of an external magnetic field is studied. Conditions for a resonance under the action of an external force or for a parametric resonance to arise in the magnetic subsystem are considered.
Introduction
Although the influence of the shape of ferromagnetic nanoparticles on their magnetic properties has been widely studied [1] [2] [3] , the shape effects for nanodimensional AFM particles remain a matter of discussion. In works [4] [5] [6] , the effect of AFM vector reorientation from a direction corresponding to the crystallographic "easy" axis to a direction induced by a prolate particle was experimentally observed. This fact enables us to talk about shape effects in antiferromagnets.
The majority of available methods used to observe the domain structure in AFM materials and determine the AFM vector orientation -such as the Xray polarization spectroscopy, the second harmonic generation, and so forth -are intended to research static effects. Often, they do not take the influence of the dimensions and the shape of a specimen on its magnetic properties into account. We suggest that a resonance method should be used for studying the dynamics of the AFM vector. We will show that the shape-induced magnetic anisotropy in AFM crystals can be analyzed with the help of the AFM resonance spectrum or a spectrum of one of the long-wave quasiparticle excitations. A significant contribution to the theory of the latter was made by the outstanding Soviet and Ukrainian scientist O.S. Davydov [7] . This work is dedicated to the centennial anniversary of his birthday. More specifically, the work is aimed at studying a synthetic multiferroic that combines AFM and piezoelectric (PE) properties. The purposes of the work are (i) to study the influence of time-dependent (periodic) deformations of a piezoelectric subsystem on the magnetic subsystem in the AFM/PE multiferroic, (ii) to determine conditions, under which forced resonance oscillations or a parametric resonance can arise in the specimen, and (iii) to analyze the dependence of resonance frequencies on the geometrical parameters of the system in the presence of an external magnetic field.
The main idea of the work consists in that we affect the elastic subsystem of an AFM nanoparticle in order to study the dynamics of its magnetic subsystemnamely, long-wave oscillations of the AFM vectorand to analyze the contribution of the shape-induced magnetic anisotropy. In so doing, we suppose that the mechanism of influence of the shape on the magnetic anisotropy of AFM nanoparticles has a magnetoelastic character, being governed by the so-called "destressing energy" [8] .
Note that the influence of the specimen shape on the AFM vector dynamics was studied earlier. In particular, in work [9] , the dependence of the gap, which is a result of the shape-induced anisotropy, in the AFM resonance spectrum on the direction of an applied external magnetic field has been analyzed. In this work, a more complicated situation is considered, because the proposed approach makes allowance for both the magnetic and elastic subsystems in the AFM specimen. The perturbations in the magnetoelastic system are simulated as those induced by an ac electric voltage applied across a synthetic AFM/PE multiferroic. Besides the specimen shape, the external electric and magnetic fields play the role of control parameters.
Model and Method

Researched specimen
Consider a two-layer synthetic material fabricated by sputtering an AFM film onto a PE substrate (Fig. 1, a) . To simplify the model, we consider that the antiferromagnet is collinear, including two equivalent sublattices characterized by the magnetic moments M 1 and M 2 . Let the specimen have an elliptic shape with the semiaxis lengths a and b, and let the AFM film thickness be equal to h, with a > b ≫ h. The dimensions of the AFM subsystem are supposed to be small enough, so that it can be considered in the "macrospin" approximation, i.e. the dynamics of a uniform single-domain layer can be analyzed. At temperatures below the Néel one, the magnetic state of this system can be completely described with the use of the AFM vector L = M 1 − M 2 with a fixed length |L| = 2M 0 .
Under the action of an external electric voltage V , there emerges a mechanical stress in the piezoelectric, described by the stress tensor σ ∼ V d, where d is the piezoelectric tensor. This stress brings about a a b Fig. 1 . AFM film with thickness h sputtered onto the PE substrate (a). The AFM vector L (the thick arrow) characterizes the magnetic state of the system. Specimen has the elliptic shape with the semiaxis lengths a and b (b). Dashed arrows denote the direction (the angle ψσ) of the force that creates a mechanical stress in the specimen. The direction of strength lines of the external magnetic field H is shown by the thin arrow, the corresponding angle is ψ H specimen deformation u 0 = σ 0 /(2µ), where µ is the shear modulus, and σ 0 the component of the stress tensor in the direction of the external force (at the angle ψ σ with respect to the Ox axis, see Fig. 1 , b). The external magnetic field H = H (cos ψ H , sin ψ H , 0) lies in the xOy plane (Fig. 1, b) .
Lagrangian
In order to calculate the AFM resonance spectrum, let us use a standard technique based on the Lagrange function method (e.g., see [10] ). The Lagrangian density for the AFM specimen equals
where g is the gyromagnetic ratio; χ the magnetic susceptibility of the material;
is the density of the magnetic anisotropy energy for an AFM of the "easy plane" type 1 ; K ≫ K ⊥ > 0 are the anisotropy constants;
1 Anisotropy energy (2) corresponds to the tetragonal symmetry of a magnetic ordering in the AFM layer.
is the destressing energy density 2 [8] ; K el , K el is , and K el ⊥ are the magnetoelastic coefficients depending on the specimen shape (see Appendix); and
is a correction to w destr that arises under the influence of an external stress owing to a variation of the specimen shape at a deformation [11] (expressions for ∆K ,⊥ can be found in Appendix).
Parametrization of the AFM vector
Let us examine the emergence of resonance oscillations of the AFM vector L in a vicinity of its equilibrium position L eq and analyze the influence of the specimen shape on its resonance frequencies.
In the absence of external fields, the AFM vector lies in the xOy plane, and it can be parametrized by the angle ϕ eq with respect to the Ox axis: L eq = = 2M 0 (cos ϕ eq , sin ϕ eq , 0). If the crystallographic axes in the material are directed along the ellipse axes, and the magnetoelastic contribution (Eqs. (3) and (4)) is not taken into account, this angle can be equal to ϕ eq1 = 0 or ϕ eq2 = π/2; in the general case, the angle ϕ eq can accept an arbitrary value. The external magnetic field also affects the orientation of AFM vector. Let the structures of the crystal lattices in the AFM and PE substances coincide, and let the substrate deformation invoked by an external electric voltage be transferred into the AFM film, which results in a small rotation of the AFM vector, L = L eq + l, where |l| ≪ |L eq | and l ⊥ L eq . Then it is convenient to introduce the following parametrization for the vector L:
Here, l ⊥ and l are the projections of the vector l on the plane and the Oz axis, respectively.
Oscillations of the AFM Vector under the Action of an External Force
Let the AFM/PE specimen be unstrained in the absence of external fields. We express the alternating mechanical stress that arises in the specimen under the action of an external electric voltage with frequency ω in the form σ(t) = Re σ 0 e iωt and suppose the amplitude σ 0 to be small. Being determined from the standard procedure of potential energy minimization, the stable equilibrium states of the AFM vector (they are parametrized by the angles ϕ eq ) satisfy the relations
where the quantities Ω ⊥ and Ω coincide with the frequencies of characteristic free oscillations of the AFM vector in the specimen plane and perpendicularly to it, respectively (see below). The magnetoelastic coefficients K el * and K el * ⊥ include corrections ∆K ,⊥ that arise under the action of a mechanical stress σ(t) applied in the ψ σ -direction,
In order to obtain the equations describing the AFM vector oscillations, let us parametrize Lagrangian (1) and pass to small deviations l ⊥ and l from the equilibrium positions (see Eq. (5)). Taking expression (6) for equilibrium states of the AFM vector into account and neglecting the terms proportional to σ 0 l 2 ⊥ and σ 0 l 2 as the quantities of the third order of smallness, we obtain the Lagrange equations
The coefficient γ AFM is the AFM resonance width; it simulates the damping of oscillations. In Eqs. (9), the following notations wwere introduced:
ϕ eq is the solution of Eq. (6), and the angles ψ H and ψ σ are defined above (see Fig. 1, b) . The function Φ in Eq. (9) makes allowance for a variation of the specimen shape at a deformation and modifies the magnitude of external influence. By changing the angle ψ σ that determines the specimen deformation direction, it is possible to control the amplitude of AFM vector oscillations. The frequencies Ω ⊥ and Ω are the frequencies of characteristic oscillations of the AFM vector components l ⊥ and l , respectively. They are different for different equilibrium orientations of the vector L and depend on both the magnetoelastic constants and the magnetic field H.
The resonance in the AFM/PE system arises at the frequencies
In the absence of a magnetic field, there exist four different equilibrium orientations of the AFM vector in a single-domain specimen (they can be obtained from Eq. (6) with H = 0),
The stability of the equilibrium states (11) was studied in work [11] . Note that no more than two orientations of the vector L can be stable simultaneously (see Fig. 2 ): either at the angles ϕ eq1,2 or the angles ϕ eq3, 4 . If the ellipse is prolate and the ratio between the lengths of its semiaxes exceeds a certain critical value (a/b) crit [8] , there exists only one stable equilibrium orientation for the AFM vector-along the Ox axis.
For definiteness, let the specimen be deformed along the longer ellipse axis (ψ σ = 0). The deformation-induced modification of the specimen shape affects the behavior of the magnetic system, and this a b Fig. 2 . Equilibrium orientations of the AFM vector. Dashed arrows denote the specimen deformation direction (along the Ox axis). Thick arrows correspond to the states of the AFM vector that can be stable simultaneously: (a) at the angles ϕ eq1 = 0 and ϕ eq2 = π/2 and (b) at the angles ϕ eq3,4 (see Eq. (11)) with respect to the Ox axis influence depends on the stable state, in which the AFM vector dwells. In a vicinity of the equilibrium orientation at the angle ϕ eq1 = 0 or ϕ eq2 = π/2, there is no resonance under the action of an external force, because Φ = 0 in the system of equations (9). A deformation will result in only a shift of characteristic oscillation frequencies Ω ⊥ and Ω according to corrections in Eq. (8) .
At the same time, the emergence of oscillations in the AFM/PE system owing to the shape change is possible in a vicinity of the equilibrium angles ϕ eq3,4 ( Fig. 2,b) . The effective projection of a mechanical stress σ deflects the AFM vector from its stable equilibrium orientation, and resonance oscillations of the vector L in the specimen plane can occur even in the absence of a magnetic field (Fig. 3) .
It should be emphasized that, for the resonance to take place under such conditions, the geometry of the system and the relative directions between the axes of an elliptic specimen and the crystallographic axes of material must be selected carefully to provide the condition K el ⊥ < 0, which is responsible for the stability of "diagonal" equilibrium positions. The analysis of Eq. (9) with a non-zero magnetic field shows that the oscillations of individual AFM vector components become "entangled", so that the vector L oscillates both in the specimen plane and perpendicularly to it. Neglecting the oscillation damping (γ AFM = 0) and writing down the corresponding solutions for the components of the AFM vector in the forms one can immediately see that the application of an external magnetic field changes the character of oscillations. Namely, instead of two linearly polarized modes (a "soft" mode in the xOy plane and a "rigid" one perpendicularly to it), the oscillations of the vector L are described by elliptically polarized modes, whose ellipticity degree depends on H. Figure 4 demonstrates the difference of the oscillation amplitudes for the components l ⊥ and l . The resonance frequencies of those modes depend on the equilibrium AFM vector orientation, in a vicinity of which the vector oscillates, and are given by expression (10) . If H = 0, the equilibrium orientations of the AFM vector change; namely, the magnetic field rotates the vector L (see insets in Fig. 4) . Let the equilibrium position of the AFM vector in a vicinity of 0 be designated as ϕ eq1 and near π/2 as ϕ eq2 ; those angles are the solutions of Eq. (6). Figure 4 exhibits the amplitude-frequency characteristics of oscillations in a vicinity of the equilibrium states ϕ eq1 and ϕ eq2 . The values of maximum positions (resonance frequencies (10)) are changed if the specimen shape is involved in the Lagrangian (it is so because the corrections ∆K ,⊥ depend on the ratio a/b between the ellipse semiaxis lengths, which parametrizes the specimen shape). The orientation of the AFM vector is determined not only by the directions of the crystallographic axes and the direction of an external magnetic field, but also by the direction of the "easy" axis given by the particle shape (along the larger ellipse axis). The shapeinduced uniaxial magnetic anisotropy eliminates the energy degeneration among various equilibrium states of the AFM vector (in the infinite-specimen approximation and in the absence of external fields, the states ϕ = 0 and ϕ = π/2 are equivalent), and the frequencies of oscillations near those equilibrium orientations become split.
The dependences of the oscillation frequencies on the direction and the magnitude of an external magnetic field, as well as on the elliptic specimen shape, are depicted in Fig. 5 . The figure demonstrates a number of regularities:
1. The specimen shape, being parametrized by the ratio between the ellipse semiaxis lengths a/b, affects the magnitudes of resonance frequencies. When comparing cases a and c in Fig. 5 , one can see that the "soft" mode frequency ω 2 becomes almost twice as large if the eccentricity a/b increases. The "rigid" mode frequency ω 1 remains almost constant at that. This fact follows from that the deformation makes a a b 2. The "soft" modes are more sensitive to anisotropy. It is clear because the dependences on the magnetic field direction are stretched along different directions for different equilibrium states. The axis, along which the angular diagram is stretched, corresponds to the state with lower energy (the mutually perpendicular orientations of the vectors H and L).
3. If the parameter a/b grows, the frequency ω 2 of AFM vector oscillations in a vicinity of ϕ eq2 = π/2 decreases at certain magnetic field directions (the angle ψ H ). This is evidenced by a bending of the angular diagrams in Figs. 5, b and d. The obtained dependence allows the influence of the AFM/PE specimen shape on the dynamics of its magnetic subsystem to be examined.
Parametric Resonance
Let us demonstrate that there may emerge a parametric resonance in the AFM/PE system in the presence of an ac electric field. For this purpose, we retain terms down to the σ 0 l 2 ⊥ and σ 0 l 2 orders of smallness in the Lagrange equations (9) and present the mechanical stress that arises in the system owing to the application of ac electric voltage in the form σ(t) = σ 0 cos ωt. As a result, we obtain the equations
where Φ ⊥ and Φ are some functions of the magnetoelastic coefficients K el ⊥, , corrections ∆K ,⊥ , direction ψ σ of the external voltage application, and equilibrium state of the AFM vector, in a vicinity of which the resonance oscillations (the solutions of Eq. (6)) are observed. In the absence of a magnetic field (Ω H = 0), the oscillation equations (13) are independent. Each of the equations acquires a standard form of the Mathieu equation [15] . The parametric resonance with the largest band width arises at the frequencies
Here, the first band width for the AFM vector component l ⊥ equals
and, for component l ,
Since Ω ≫ Ω ⊥ , it becomes clear that it is rather a difficult task to excite parametric resonances in the plane and perpendicularly to it simultaneously. The width ∆Ω of the first resonance band for oscillations along the Oz axis is narrower in comparison with that for in-plane oscillations. This is a consequence of the facts that the studied antiferromagnetic is of the "easy plane" type, and the oscillation mode along the Oz axis is more rigid.
The dependence of the resonance band width on Φ ⊥, allows one to regulate the resonance width by selecting the specimen shape.
The parametric resonance also arises in a vicinity of the frequencies ω = 2Ω ⊥ /n and ω = 2Ω /n, where n = 1, 2, 3, ... . The band widths decrease at that, by following the rules (∆ω ⊥ )
2n . The considered partial case can be realized not only when H = 0, but also when H is oriented perpendicularly to either of the AFM specimen easy axes (along the Ox or Oy axis). Then, the vector L will be in the equilibrium position at either ϕ eq1 = 0 or ϕ eq = π/2, respectively.
In the presence of a magnetic field (H = 0), the complete system of equations (13) is to be solved. For this purpose, let us first change to normal oscillation modes Q 1,2 . The characteristic frequencies of normal oscillations coincide with the parameters ω 1,2 in expression (10) . We apply the Floquet theorem and seek the solutions in the form
As a result, we obtain a system of equations for the coefficients a n and b n . Using this system to study the parametric resonance, e.g., in a vicinity of ω ≈ ω 1 (for n = 2), we obtain the following formula for the resonance band width:
Hence, the band width of the parametric resonance for oscillations of the vector L in an AFM particle can be controlled by both changing the geometrical parameters of the particle (this way allows the magnitudes of resonance frequencies to be adjusted already at the specimen fabrication stage) and applying external fields, electric and/or magnetic ones.
Discussion and Conclusions
In this work, the influence of the shape of AFM particles on their resonance properties has been studied. The proposed model of AFM/PE multiferroic allows both elastic and magnetic properties of the system to be considered simultaneously. The combination of a piezoelectric and an antiferromagnet in the same specimen makes it possible to control the system state by means of electric and magnetic fields.
It is shown that there emerges an additional uniaxial magnetic anisotropy in the AFM/PE system, which depends on the specimen shape. This anisotropy makes one of the antiferromagnet's "easy" axes (they are formed by either the orientation of crystallographic axes or the application of an external magnetic field) more beneficial energetically, i.e. it eliminates the degeneration between two equivalent equilibrium orientations of the AFM vector.
AFM vector oscillations near the stable equilibrium vector orientation can be excited in a number of cases. In the absence of external fields, if the antiferromagnet's "easy" axis does not coincide with the easy axes induced by the specimen shape (for instance, along the ellipse axes), the specimen deformation can favor the rotation of the AFM vector to a more energetically beneficial direction. If an ac electric voltage is additionally applied to the AFM/PE particle, it gives rise to the emergence of ac mechanical stresses in and, consequently, the varying deformation of the particle. As a result, the AFM vector executes small oscillations in the specimen plane (Fig. 3) .
For a certain geometry of the system, the mechanical stress cannot induce resonance oscillations of the AFM vector, namely, when the stress is applied along one of the "easy" axes (see Fig. 2, a) . The external magnetic field rotates the vector L and causes the appearance of an effective projection of the mechanical stress and, as a result, the oscillations of the AFM vector owing to the varying deformation of the specimen (Fig. 4) . Moreover, the magnetic field entangles the "soft" mode of in-plane oscillations with the "rigid" mode that is perpendicular to it, so that the oscillations of the vector L become elliptically polarized.
It is of importance that the frequencies of AFM vector resonance oscillations depend on the specimen shape (for example, on the ratio a/b between the ellipse semiaxis lengths) and on the magnitude and the direction of an external magnetic field (Fig. 5) . This circumstance allows the properties of an AFM particle to be controlled and predicted already at the particle fabrication stage; in particular, it is possible to select particle's shape and dimensions, as well as the corresponding orientation of the crystallographic axes in the specimen plane, depending on the particle usage specificity.
We have also demonstrated a possibility to excite a parametric resonance in the AFM/PE system. The band width of the parametric resonance is governed by both the magnitude of mechanical stress induced in the specimen and the specimen shape. Hence, by choosing the shape and the dimensions of a specimen, it is possible to control the region, where the parametric resonance emerge at variable deformations.
To summarize, we note that the dependences obtained in this work can be used for a direct experimental verification of the shape effect in antiferromagnets.
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APPENDIX Magnetoelastic Coefficients and the Corresponding Corrections That Take the Specimen Shape into Account
For an elliptic nanofilm (a > b ≫ h), the magnetoelastic coefficients look like [8] 
where µ is the shear modulus, ν is Poisson's ratio, and λv and λ ′ are magnetoelastic moduli. The shape integrals J (k) and J ⊥ (k) depend on the specimen geometry by means of the parameter k 2 = 1 − b 2 /a 2 as follows: Elastic deformation of a specimen modifies the anisotropy constants of the second and fourth orders and contributes to the destressing energy (4). The corrections ∆K ,⊥ depend on the linear sizes of the specimen and the shape integrals in the following manner [11] :
The introduction of those corrections allows one to study how a change of the specimen shape affects the state of the magnetic subsystem in an AFM/PE multiferroic.
